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Tropical Theta Functions and Riemann-Roch
Inequality for Tropical Abelian Surfaces
Ken Sumi
Abstract
We show that the space of theta functions on tropical tori is identified
with a convex polyhedron. We also show a Riemann-Roch inequality for
tropical abelian surfaces by calculating the self-intersection numbers of
divisors.
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1 Introduction
Tropical geometry is a geometry over the tropical semifield T = R ∪ {−∞}
equipped with the tropical sum “x + y” = max{x, y} and the tropical product
“xy” = x + y for x, y ∈ T. Tropical geometry has some analogy with alge-
braic geometry. The Riemann-Roch theorem for compact tropical curves is an
example of the analogy.
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The Riemann-Roch theorem on finite graphs was discovered by Baker-Norine
[3] in 2007 and extended to tropical curves by Gathmann-Kerber [7] and Mikhalkin-
Zharkov [13] in 2008. The tropical Riemann-Roch theorem states that, for a
compact tropical curve C of genus g and a tropical divisor D on C, we have
r(D) − r(K −D) = degD − g + 1.
The number r(D) is a substitute for the dimension of the complete linear system
|D| = P(H0(C,O(D))), called the rank of the divisor D. In general, however,
r(D) is different from the dimension of |D| as a polyhedral complex.
It is a very interesting problem to generalize the tropical Riemann-Roch
theorem to higher dimensions. Cartwright [4] and Shaw [10] showed Noether’s
formula for tropical surfaces. This can be viewed as a Riemann-Roch theorem
for the trivial divisor on a tropical surface. Cartwright conjectured the Riemann-
Roch inequality for tropical surfaces in [5] Conjecture 3.6
A main obstacle to higher dimensional generalization is to define the Euler
characteristic χ(X,O(D)): firstly the higher cohomology Hi(X,O(D)) with
i ≥ 1 is not defined in tropical geometry; secondly the dimension of the space
H0(X,O(D)) of global sections ofO(D) can be different from the number r(D)+
1 appearing in the Riemann-Roch theorem.
In the case of tropical curves, Gathmann-Kerber [7, Example 1.13.(b)] gave
an example where r(D) + 1 is different from the dimension of H0(C,O(D)). In
their example, H0(C,O(D)) was not pure-dimensional; it seems that r(D) + 1
equals dimH0(C,O(D)) if H0(C,O(D)) is a pure-dimensional polyhedral com-
plex. We study the space of global sections of line bundles over tropical tori
and show that it is always pure-dimensional.
Theorem 1 (Theorem 33). Let X = Rn/Λ be a tropical torus and let L →
X be a tropical line bundle. If H0(X,L) 6= {−∞}, H0(X,L) is identified
with a convex polyhedron and P(H0(X,L)) is identified with a compact convex
polyhedron; in particular it is pure-dimensional.
For a weak tropical complex ∆ and a divisor D on ∆, Cartwright defined a
higher dimensional analogue h0(∆, D) of r(D) + 1 in [5] Definition 3.1. In the
case of tropical torus, we get
Theorem 2 (Theorem 38). Let X be a tropical torus and let D be a divisor
on X . Then h0(X,D) defined by Cartwright [5] coincides with the dimension
of H0(X,O(D)) as a convex polyhedron.
In this paper, we also show Conjecture 3.6 in Cartwright [5] for tropical
abelian varieties, that is,
Theorem 3 (Corollary 42). Let X be a tropical abelian surface and let D be
a divisor on X . Then the inequality
h0(X,D) + h0(X,−D) ≥
1
2
D2
holds.
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If a tropical analogue of Hirzebruch-Riemann-Roch theorem holds for n di-
mensional tropical abelian varieties, then 1
n!D
n should be integral. In the last
section, we show this.
Proposition 4 (Proposition 45). For a divisor D on a tropical abelian variety,
1
n!D
n is an integer.
After the first version of the paper was put on the arXiv, Dustin Cartwright
kindly suggested to the author that statements as in Theorem 2 and Proposition
4 may hold. We would like to thank him for his valuable suggestions.
2 Tropical modules
The tropical semifield T is the set R ∪ {−∞} equipped with the tropical sum
“x+ y” = max{x, y} and the tropical product “xy” = x + y for x, y ∈ T. The
set of invertible elements of T is R. A commutative semigroup V equipped with
the unit {−∞} and a scalar product T × V → V is called a tropical module or
a T-module if the following conditions are satisfied:
• “(x+ y)v” = “xv + yv” for any x, y ∈ T, any v ∈ V ;
• “x(v + w)” = “xv + xw” for any x ∈ T, any v, w ∈ V ;
• “x(yv)” = “(xy)v” for any x, y ∈ T, any v ∈ V ;
• “0 · v” = v for the multiplicative unit 0 ∈ T and any v ∈ V ;
• if “xv” = “yv” for some x, y ∈ T and v ∈ T, then x = y or v = −∞.
By these conditions, we have “−∞·v” = −∞. For example, Tn is naturally
a T-module. Let ei ∈ T
n be the element with 0 in the ith coordinate and −∞
in the other coordinates.
Let V , W be tropical modules. A map f : V →W is called a tropical linear
morphism if f satisfies f(“v1 + v2”) = “f(v1) + f(v2)” and f(“cv”) = “cf(v)”
for any v, v1, v2 ∈ V , c ∈ T.
Let V be a tropical module. Its projectivization P(V ) is the quotient of
V \ {−∞} by the equivalence relation ∼ where v ∼ v′ for v, v′ ∈ V if there
exists t ∈ R such that v′ = “tv”.
Example 5. Let Vn be the tropical module generated by
f1 := (−∞, 0, . . . , 0), f2 := (0,−∞, 0, . . . , 0), . . . , fn := (0, . . . , 0,−∞).
For any linear combination a1f1+a2f2+ · · ·+anfn with ai ≥ aj ≥ (the others),
a1f1 + a2f2 + · · · + anfn is the element whose ith coordinate is aj and the
other coordinates are ai. For example, if a1 ≥ a2 ≥ ak, k = 3, . . . , n, we get
a1f1 + a2f2 + · · ·+ anfn = (a2, a1, . . . , a1).
The projectivization P(Vn) ⊂ P(Tn) is the finite graph with n + 1 vertices
[0, . . . , 0], [−∞, 0, . . . , 0], . . . , [0, . . . , 0,−∞] such that the valency of the central
vertex [0, . . . , 0] is n and the valency of the other vertex is 1.
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Example 6. A function f : Rn → T is a tropical polynomial (resp. tropical
Laurent polynomial) if f is a constant map to {−∞} or is of the form f(x) =
max
j∈S
{aj + j · x}, where S is a finite subset of (Z≥0)n (resp. Zn) and aj ∈ R.
A tropical polynomial naturally extends to a function from Tn to T. Clearly, a
tropical Laurent monomial is a Z-affine linear function, that is, an affine linear
function on Rn whose slope is in (Zn)∗. The set of tropical polynomials on Rn
is naturally a tropical module.
3 Tropical Tori
The goal of this section is to show the theorem 1.
3.1 Tropical manifold and line bundles
In this section we introduce some basic notions of tropical geometry and give
some examples. References are made to Allermann-Rau [1], Mikhalkin [12] and
Mikhalkin-Zharkov [13].
Definition 7. A tropical (or integral affine) manifold M is a topological man-
ifold with an atlas {(Ui, ψi)} such that ψi ◦ ψ
−1
j is a restriction of a Z-affine
linear map on Rn for each Ui ∩ Uj 6= ∅, where n = dimM .
Example 8. The Euclidean space Rn is a tropical manifold.
Example 9. Fix the standard lattice Zn ⊂ Rn. Let Λ ⊂ Rn be a lattice, that
is, a discrete additive abelian subgroup of Rn of rank n. The quotient Rn/Λ is
called a tropical torus. This is a tropical manifold.
Definition 10. Let U be an open subset of a tropical manifoldM . A continuous
function f : U → T is said to be regular if f is locally the restriction of a tropical
Laurent polynomial on Rn.
A continuous function h : U → T is said to be rational if for all x ∈ U there
exists an open neighborhood V ⊂ U of x and two regular functions f, g on V
such that h|V = “
f
g
” = f − g.
The structure sheaf OU of U is the sheaf of germs of regular functions on
U . The sheaf O∗U is the subsheaf of OU consisting of germs of invertible regular
functions, that is, Z-affine linear functions. We denote O∗X by AffZ.
Remark 11. Since the structure sheaf OX is NOT an abelian sheaf, we cannot
consider the ith Cˇech cohomology group Hi(X,OX) for i > 0. But since O∗X
is a multiplicative abelian sheaf, we can consider H1(X,O∗X) as in the classical
case.
Definition 12. Let M be an n-dimensional tropical manifold. A pair (L, pi) of
a topological space L and a continuous surjection pi : L ։ M is a tropical line
bundle on M if there exist an open covering {Ui} called a trivializing covering
and homeomorphisms Ψi : pi
−1(Ui) ∼= Ui×T called trivializations which satisfy:
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• pi : pi−1(Ui) → Ui is equal to the composition of Ψi and the projection
Ui × T→ Ui;
• For every i, j with Ui ∩ Uj 6= ∅ there exists a Z-affine linear function
ϕij : Ui ∩ Uj → R such that Ψj ◦ Ψ
−1
i : (Ui ∩ Uj) × T → (Ui ∩ Uj) × T
is given by (x, t) 7→ (x, “ϕij(x)t”). These ϕij are called the transition
functions of L.
Definition 13. Let pi1 : L1 → M,pi2 : L2 → M be two tropical line bundles
on M . We can assume that they have the same trivializing covering {Ui}. Let
Ψki be the trivialization of Lk and let ϕ
k
ij be the transition function of Lk. A
map f : L1 → L2 is a map of tropical line bundles if for each i there exists an
invertible regular function gi : Ui → T such that a composition Ψ2i ◦ f ◦ (Ψ
1
i )
−1 :
Ui × T→ Ui × T is of the form (x, t) 7→ (x, “gi(x)t”)
Definition 14. Let pi1 : L1 →M,pi2 : L2 →M be two tropical line bundles on
M which have the same trivializing covering {Ui}. Let Ψki be the trivialization
of Lk and ϕ
k
ij be the transition function of Lk.
Then L1 and L2 are isomorphic, denoted by L1 ∼= L2, if there exist two maps
of tropical line bundles f : L1 → L2, g : L2 → L1 such that g ◦ f is the identity
map of L1 and f ◦ g is the identity map of L2.
We can see that L1 and L2 are isomorphic if and only if there exists an in-
vertible regular function gi : Ui → R for each i such that “gi(x)ϕ1ij(x)gj(x)
−1” =
ϕ2ij(x) for each Ui ∩ Uj 6= ∅.
Definition 15. We take two line bundles L1 and L2 as above. The tensor
product L1 ⊗ L2 is defined as the tropical line bundle on M whose transition
function is “ϕ1ijϕ
2
ij” = ϕ
1
ij + ϕ
2
ij .
Definition 16. Let pi : L→M be a line bundle on a tropical manifold M and
U be an open subset ofM . A function s : U → pi−1(U) is a regular section (resp.
rational section) on U of L if pi ◦ s is the identity map on U and pi ◦Ψi ◦ s is a
regular (resp. rational) function, where pi : Ui×T→ T is the second projection.
If U = M then we call s a global regular (resp. rational) section or simply a
regular (resp. rational) section. The set Γ(U,L) of regular sections on U of L
naturally has the structure of a tropical module.
The tropical Picard group Pic(M) is the set of isomorphic classes of tropical
line bundles on M . The product of structure is given by the tensor product of
line bundles. This can be identified with H1(M,O∗M ) = H
1(M,AffZ).
The tensor product of two regular (resp. rational) sections s1 of L1 and s2
of L2 can be defined as in the classical case. Then the tensor product s1⊗ s2 is
a regular (resp. rational) section of L1 ⊗ L2.
We can define pull-back of line bundles as in the classical case.
3.2 Divisors on tropical tori
In this section, we briefly introduce the notion of divisors. For the details of
divisors, we refer the reader to Allermann-Rau [1] or Mikhalkin [12].
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Definition 17. Let Σ be a weighted polyhedral complex in Rn whose n− 1 di-
mensional cells have integral slopes and let w : (n− 1 dimensional faces of Σ)→
Z be the weight function of Σ. Fix an n − 2 dimensional face P of Σ and let
F1, . . . , Fk be the n − 1 dimensional faces adjacent to P . Let v1, . . . , vk ∈ Z2
be the primitive outgoing vectors from P parallel to F1, . . . , Fk respectively and
perpendicular to P . Then Σ is said to be balanced at P if
∑
i=1,...,k w(Fi)vi = 0
and Σ is said to be balanced if it is balanced at all n− 2 dimensional faces P of
Σ.
Example 18. Let f : R2 → R be a piecewise-linear function whose slopes lie in
(Z2)∗ and D(f) be the locus where f is nonlinear on any neighborhood. Then
D(f) is a (non-compact) graph whose edges have integral slopes.
For each edge of D(f), we can define the multiplicity given by f as follows.
For each edge E of D(f), there exist two connected components V1, V2 of R
2 −
D(f) on which the restriction f |Vi is affine linear and the intersection of the
closures of V1 and V2 is F . Then the difference of the slopes of f |V1 , f |V2 is in
(Z2)∗. Thus we can take the lattice length lE of this difference, that is, the
maximal positive integer k such that this difference can be divided by k. We
define the multiplicity of E as the lattice length lE if f is convex around E,
as −lE if f is concave around E. Then D(f) is not only a weighted integral
polyhedral complex, but also a balanced one.
We draw some examples of balanced weighted graph on R2 given by f1 =
max{x, y, 0}, f2 = max{2x, y, x+y, 0} and f3 = max{3x, 3y, 2x+y, 0} in Figure
1, 2 and 3.
y
x0
1
1
1
Figure 1: D(f1(x, y))
y + 1
2x
0
x+ y − 1
1 1
1
1
1
Figure 2: D(f2(x, y))
x+ 3
1
1
1
1
3
2
2 3x
2x+ y + 3
3y − 3
0
Figure 3: D(f3(x, y))
Definition 19. Let X = R2/Λ be a 2-dimensional tropical torus.
A divisor D of X is a balanced weighted graph on X which can be locally
written as D(f) for a rational function f on a open subset of X . A divisor is
given by the data {(Ui, fi)} where {Ui} is a covering of X and {fi : Ui → R} is
a rational function such that fi − fj is a Z-affine linear function on Ui ∩ Uj.
Two divisors D1, D2 of X are linear equivalent if the difference D1 −D2 is
given by a global rational function.
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If a divisor D of X is given, we can construct a tropical line bundle of X as
in the classical case. We denote this line bundle by O(D). The set of tropical
divisors on a tropical variety X is called the divisor group.
Remark 20. The divisor group has the commutative sum defined by common
subdivisions. This summation is compatible with the tensor product of line
bundles. That is, for two divisors D1, D2 on X and line bundles O(D1),O(D2)
defined by each divisor, the line bundle O(D1 +D2) is isomorphic to O(D1)⊗
O(D2).
3.3 Theta functions
The content of this section is due to Mikhalkin-Zharkov [13].
Let X = Rn/Λ be a tropical torus. The sheaf T ∗
Z
is defined by the following
exact sequence of sheaves of abelian groups:
0→ R→ AffZ → T
∗
Z
→ 0
where R denote the constant sheaf on X whose stalks are R. Then T ∗
Z
∼= (Zn)∗.
Taking the first sheaf cohomology, we get the Chern class map
c1 : H
1(X,AffZ)→ H
1(X, T ∗
Z
).
We obtain the following proposition by analyzing the coboundary map induced
by the long exact sequence.
Proposition 21 (Mikhalkin-Zharkov [13] Section 5.1). The image of c1 in
H1(X, T ∗
Z
) ∼= Λ∗ ⊗ (Zn)∗ is the set of elements of Λ∗ ⊗ (Zn)∗ which can be
naturally extended to symmetric bilinear forms on Rn. Here Λ∗ := HomZ(Λ,Z).
Definition 22. If a class [c] ∈ Im c1 is positive definite as a symmetric form on
R
n, it is called a polarization . The degree of a polarization is the order of the
finite abelian group (Zn)∗/[c](Λ). If a polarization [c] is an isomorphism, [c] is
said to be principal.
Definition 23. A tropical abelian variety is a tropical torus which has a polar-
ization. A pair (X, [c]) of tropical abelian variety and its polarization is called
polarized tropical abelian variety.
In this section we consider tropical tori, which are not necessarily tropical
abelian varieties. We will consider abelian surfaces to calculate the intersection
numbers in section 4.
Let X = R/Λ be a tropical torus and let L be a tropical line bundle on X .
We set Q := c1(L) ∈ Λ∗ ⊗ (Zn)∗.
Pulling back by the projection p : Rn → Rn/Λ, we get p∗L ∼= R = Rn × R.
Fix this isomorphism. The lattice Λ acts on Rn by the translation. We lift this
action to an action on p∗L by
λ : (x, ξ) 7→ (x+ λ, ξ), λ ∈ Λ, x ∈ Rn, ξ ∈ L.
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By the isomorphism p∗L ∼= Rn × R we get a Λ-action on Rn × R. This action
can be described as
λ : (x, r) 7→ (x, r +QR(λ, x) + βL(λ))
for some βL : Λ → R. Here QR ∈ (Rn)∗ ⊗ (Rn)∗ is the extension of Q on Rn.
Since this action is commutative, βL satisfies βL(λ1 + λ2) = βL(λ1) + βL(λ2) +
QR(λ1, λ2) for any λ1, λ2 ∈ Λ. Thus βL(λ) −
1
2QR(λ, λ) is linear for λ. We
denote this linear function by αL(λ).
Remark 24. Conversely, when we take a linear function α : Rn → R and a
symmetric form Q which satisfies Q(Λ) ⊂ (Zn)∗, we can define a tropical line
bundle on X = Rn/Λ by Rn×R/ ∼, where (x, r) ∼ (x, r+Q(λ, x)+ 12Q(λ, λ)+
α(λ)). We denote the line bundle determined by Q and α by L(Q,α).
Moreover, we can easily check that L(Q,α) ∼= L(Q,α+γ) for any γ ∈ (Zn)∗.
By the above argument, we can identify a global section of L with a regular
function Θ: Rn → R satisfying the following quasi-periodicity condition:
Θ(x+ λ) = Θ(x) +QR(λ, x) + βL(λ), λ ∈ Λ, x ∈ R
n
The regularity implies that Θ is convex and the quasi-periodicity implies the
fact that if b ∈ (Zn)∗ is a slope of Θ, then b+Q(λ, ·) is also a slope of Θ for any
λ ∈ Λ.
By the above arguments, the tropical module H0(X,L) of regular sections
of L is identified with the set{
Θ: Rn → R
∣∣∣∣∣ Θ(x+ λ) = Θ(x) +QR(λ, x) + βL(λ), λ ∈ Λ, x ∈ RnΘ(x) is a regular function.
}
∪{−∞}.
An element of this set which is not {−∞} is called a (tropical) theta function.
Remark 25. If Q has a negative eigenvalue, the convexity of theta function is
broken and thus such a Θ: Rn → R does not exist.
For c ∈ Rn, we define the translation ιc : R
n/Λ→ Rn/Λ by x 7→ x+ c. For
a theta function Θ of L, we can define the pull-back ι∗cΘ(x) := Θ(x+ c) which
is theta function of ι∗cL. If Θ satisfies the quasi-periodicity
Θ(x+ λ) = Θ(x) +QR(λ, x) +
1
2
QR(λ, λ) + αL(λ),
the pull-back satisfies the following quasi-periodicity;
Θc(x+ λ) = Θc(x) +QR(λ, x) +
1
2
QR(λ, λ) + αL(λ) +QR(λ, c).
Given a bilinear form Q ∈ Λ∗⊗(Zn)∗, let q denote the linear map Λ→ (Zn)∗,
λ 7→ Q(λ, ·) and let qR denote the linear map Rn → (Rn)∗ induced by q. Then
the pull-back of L by the translation ιc changes αL to αL + qR(c), that is,
ι∗cL(Q,αL) = L(Q,αL + qR(c)).
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3.4 The space of theta function: positive definite case
Let L be a tropical line bundle such that Q = c1(L) is positive definite as a
symmetric bilinear form. Then QR : R
n → (Rn)∗ is surjective and thus there
exists c ∈ Rn satisfying αL = qR(c).
Consider the Legendre transform of Θ,
Θ̂(a) = max
x∈Rn
{a · x−Θ(x)} , a ∈ Zn.
The maximum exists because of the convexity of Θ. The Legendre transform
Θ̂: (Zn)∗ → R is convex, that is, Θ̂(a) ≤
∑
tiΘ̂(ai) for a, ai ∈ (Zn)∗ and
0 ≤ ti ≤ 1 satisfying
∑
ti = 1,a =
∑
tiai.
The Legendre transform Θ̂ satisfies the following quasi-periodicity:
Θ̂(a+ q(−λ)) = max
x∈Rn
{(a+ q(−λ)) · x−Θ(x)}
= max
x∈Rn
{a · x−Θ(x+ λ) + βL(λ)}
= max
x∈Rn
{
a · (x− λ)−Θ(x) +
1
2
QR(λ, λ) + qR(c)(λ)
}
= max
x∈Rn
{a · x−Θ(x)} − a · λ+
1
2
QR(λ, λ) +QR(c, λ)
= Θ̂(a)− a · λ+
1
2
QR(λ, λ) +QR(λ, c)
for all a ∈ Zn, λ ∈ Λ. Moreover, the Legendre transformation gives one-to-one
correspondence between the set of theta functions and the following set:η : (Zn)∗ → R
∣∣∣∣∣∣
η is convex and for all λ ∈ Λ, a ∈ (Zn)∗,
η(a+ q(λ)) = η(a) + a · λ+
1
2
QR(λ, λ)−QR(c, λ)
 . (1)
We choose a subset B ⊂ (Zn)∗ such that the natural map B → (Zn)∗/q(Λ)
is a bijection. Then Θ̂ is determined by the values at b ∈ B by the quasi-
periodicity. Because of the convexity of the theta function Θ, the inverse Leg-
endre transform of Θ̂ is Θ. Thus Θ(x) can be written as follows:
Θ(x) = max
a∈(Zn)∗
{
a · x− Θ̂(a)
}
= max
b∈B
max
λ∈Λ
{
(b+ q(−λ)) · x− Θ̂(b + q(−λ))
}
= max
b∈B
max
λ∈Λ
{
(b+ q(−λ)) · x− Θ̂(b) + b · λ−
1
2
QR(λ, λ)−QR(λ, c)
}
= max
b∈B
{
Θb(x) +
1
2
QR(q
−1
R
(b)− c, q−1
R
(b)− c)− Θ̂(b)
}
,
where
Θb(x) := max
λ∈Λ
{
(b+ q(λ)) · x−
1
2
QR(λ + q
−1
R
(b)− c, λ+ q−1
R
(b)− c)
}
.
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Therefore every theta function can be written in the form:
max
b∈B
{Θb(x) + sb}
for some {sb} ∈ T
|B|. The set of slopes of Θb is b + q(Λ) and the sets b +
q(Λ), b ∈ B are pairwise disjoint. Thus Θb cannot be written as any tropical
linear combination of elements of H0(X,L)\TΘb. Consequently any minimal
generating set is of the form {Θb+sb} and the minimal number of generating set
of the T-moduleH0(X,L) is l := |(Zn)∗/q(Λ)| = |Cok q|. Let pi : Tl → H0(X,L)
be the surjective tropical homomorphism (sb)b∈B 7→ max
b∈B
{Θb + sb}.
Definition 26. We define the map ϕ : H0(X,L)→ Tl by
ϕ(Θ) =
(
ϕb(Θ)
)
b∈B
,
where
ϕb(Θ) := max {sb ∈ T | Θ(x) ≥ Θb(x) + sb ∀x ∈ R
n}
= min
x∈Rn
{Θ(x)−Θb(x)} .
The composition pi ◦ ϕ is the identity map of H0(X,L). Thus the map ϕ is
injective and we can induce a topology of H0(X,L) by identifying it with the
subspace ϕ(H0(X,L)) ⊂ Tl.
Proposition 27. Let c(b) denote 12QR(q
−1
R
(b)− c, q−1
R
(b)− c). Then
ϕb(Θ) = −Θ̂(b) + c(b)
Proof. Recall the set of slopes of a generator
Θb(x) = max
λ∈Λ
{
(b+ q(λ)) · x−
1
2
QR(λ + q
−1
R
(b)− c, λ+ q−1
R
(b)− c)
}
is exactly {b+ q(λ) | λ ∈ Λ}. Let Dbλ be the maximal closed domain on which
Θb(x) is an affine linear function of slope b+ q(λ). By the quasi-periodicity, we
get
Dbλ1+λ2 = λ2 +D
b
λ1
for λ1, λ2 ∈ Λ and thus the image of D
b
λ by the quotient map R
n → X is X .
It is clear that Θb(x) = b · x − c(b) holds for any point x in the fundamental
domain Db0 of X .
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Since Θ(x)−Θb(x) is Λ-periodic by the quasi-periodicity of Θ(x),
ϕb(Θ) = min
x∈Rn
{Θ(x)−Θb(x)}
= min
x∈Db0
{Θ(x)−Θb(x)}
= min
x∈Db0
{Θ(x)− (b · x− c(b))}
= min
x∈Rn
{Θ(x)− (b · x− c(b))} (by the convexity of Θb)
= −max
x∈Rn
{b · x−Θ(x)}+ c(b)
= −Θ̂(b) + c(b).
Example 28. Let qR : R
2 → R2 be the linear map given by
(
2 1
1 2
)
and let Λ
be the lattice q−1
R
(2(Z2)∗). These data define an element Q ∈ Λ∗ ⊗ (Z2)∗ given
by qR and a tropical abelian surface (R
2/Λ, Q).
Let us consider the tropical line bundle L on X whose theta functions satisfy
the quasi periodicity
Θ(x+ λ) = Θ(x) +QR(λ, x) +
1
2
QR(λ, λ)
for all λ ∈ Λ. We take B = {bij}i,j∈{0,1} with bij =
t(i, j) and consider the
generators of H0(X,L)
Θbij (x) = max
k,l∈Z
{
(2k + i)x+ (2l+ j)y −
1
3
(
(2k + i)2 − (2k + i)(2l + j) + (2l + j)2
)}
.
Define the injection ϕ : H0(X,L)→ T4 as
ϕ(Θ) = (ϕ00(Θ), ϕ01(Θ), ϕ10(Θ), ϕ11(Θ))
where ϕij(Θ) := ϕbij (Θ) is defined in Definition 26. Let us consider the set
{(0, r, s, t) | r, s, t ∈ R}∩ϕ(H0(X,L)); this is isomorphic to the tropical projec-
tivization of ϕ(H0(X,L)). This region can be written as
{(r, s, t) | rmin ≤ r ≤ rmax, smin(r) ≤ s ≤ smax(r), tmin(r, s) ≤ t ≤ tmax(r, s)} .
We can easily see that the lower bound rmin of r is minx∈R2{Θb00(x)−Θb01(x)} =
− 13 and the upper bound rmax of r is maxx∈R2{Θb00(x)−Θb01(x)} =
1
3 .
The lower bound smin(r) of s is
min
x∈R2
{max{Θb00(x),Θb01(x) + r} −Θb10(x)}
= min
x∈R2
{max{Θb00(x) −Θb10(x),Θb01 (x) + r − Θb10(x)}} .
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The minima of Θb00(x)−Θb10(x) and Θb01(x) + r−Θb10(x) are attained at the
same point x =
(
− 13 ,
2
3
)
. Thus
smin(r) = max
{
Θb00
(
−
1
3
,
2
3
)
−Θb10
(
−
1
3
,
2
3
)
,Θb01
(
−
1
3
,
2
3
)
+ r −Θb10
(
−
1
3
,
2
3
)}
= max
{
−
1
3
, r −
1
3
}
= max{0, r} −
1
3
.
The upper bound smax(r) is the maximum s satisfying the following two
equations:
0 = min
x∈R2
{max {Θb01(x) + r,Θb10(x) + s} −Θb00(x)} ;
0 = min
x∈R2
{max {Θb00(x),Θb10(x) + s} − (Θb01 + r)} ,
that is,
0 = min
x∈R2
{max {Θb01(x) + r −Θb00(x),Θb10(x) + s−Θb00(x)}} ;
0 = min
x∈R2
{max {Θb00(x) − (Θb01 + r),Θb10 (x) + s− (Θb01 + r)}} .
The minima of Θb01(x)+r−Θb00 (x) and Θb10(x)+s−Θb00(x) are attained at
the same point x = (0, 0) and the minima of Θb00(x)− (Θb01 + r) and Θb10(x)+
s− (Θb01 + r) are attained at the same point x =
(
− 13 ,
2
3
)
. Thus
min
x∈R2
{max {Θb01(x) + r,Θb10(x) + s}} = max
{
r −
1
3
, s−
1
3
}
= max{r, s} −
1
3
,
min
x∈R2
{
max
{
Θb00(x)−
(
y −
1
3
+ r
)
,Θb10(x) + s−
(
y −
1
3
+ r
)}}
= max{0, s}−
1
3
−r.
Hence
smax(r) = max
{
s
∣∣∣∣ max{r, s} − 13 = 0, max{0, s} − 13 − r = 0
}
= min
{
1
3
,
1
3
+ r
}
= min {0, r}+
1
3
.
In a similar way, we get tmax = min{0, r, s} +
1
3 , tmin = max{0, r, s} −
1
3 .
Therefore the region is(r, s, t)
∣∣∣∣∣∣∣
−
1
3
≤ r ≤
1
3
, max{0, r} −
1
3
≤ s ≤ min{0, r}+
1
3
,
max{0, r, s} −
1
3
≤ t ≤ min{0, r, s}+
1
3
 .
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Figure 4: the slice {(0, r, s, t) | r, s, t ∈ R} ∩ ϕ(H0(X,L))
This region can also be written as⋃
− 16≤a≤
1
6
{
(r, s, t) + (a, a, a)
∣∣∣∣ |r| ≤ 16 , |s| ≤ 16 , |t| ≤ 16 ,
}
.
This is the convex polyhedron that has 14 vertices as in Figure 1.
Lemma 29. Let D be a compact convex polyhedron in Rn and f : D×Rm → R
be a convex piecewise-linear function with finitely many slopes1.
We define the function g : Rm → R as
g(y) := min
x∈D
{f(x, y)}.
Then g is a convex piecewise-linear function with finitely many slopes.
Proof. Let p : D × Rn × R → Rn × R be the projection and ∆f be the upper
convex hull of graph of f , that is,
∆f := {(x, y, r) ∈ D × R
n × R | r ≥ f(x, y)} .
Since the set of slopes of f is finite, ∆f has only finitely many faces. Thus ∆f
is a convex polyhedron and the image of the projection p(∆f ) is also a convex
polyhedron. On the other hand p(∆f ) is described as
p(∆f ) = {(y, r) ∈ R
n × R | r ≥ f(x, y) for all x ∈ D}
=
{
(y, r) ∈ Rn × R
∣∣∣∣ r ≥ minx∈D{f(x, y)}
}
.
1A convex piecewise-linear function means a function which is locally written as the max-
imum of finitely many affine linear functions. It has finitely many slopes if and only if it can
be written as the maximum of finitely many affine linear functions.
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That is, p(∆f ) is the upper convex hull of the graph of g. Therefore g is a
convex piecewise-linear function. Since the upper convex hull p(∆f ) of g has
only finitely many faces, the convex piecewise-linear function g has only finitely
many slopes.
Theorem 30. Let L be a tropical line bundle on a tropical abelian variety
X = Rn/Λ such that Q = c1(L) is positive definite. Then H
0(X,L) is generated
by l = |Cok q| elements as a T-module. Moreover,H0(X,L) is identified with an
l-dimensional convex polyhedron in Tl via ϕ and its projectivization is identified
with a compact polyhedron in Rl−1.
Proof. The former is already shown. Thus we show the latter. The image
ϕ(H0(X,L)) is equal to the subset{
(tb)b∈B
∣∣∣∣ ϕb(maxb′∈B{Θb′(x) + tb′}
)
= tb ∀b ∈ B
}
.
The condition ϕb
(
max
b′∈B
{Θb′(x) + tb′}
)
= tb is equivalent to
tb ≥ min
x∈Rn
{
max
b′∈B\{b}
(Θb′(x) + tb′)−Θb(x)
}
= min
x∈Db0
{
max
b′∈B\{b}
(Θb′(x) + tb′)−Θb(x)
}
(by the quasi-periodicity)
= min
x∈Db0
{
max
b′∈B\{b}
(Θb′(x) + tb′)− (b · x− c(b))
}
,
where Db0 is the region introduced in the proof of Proposition 27.
By Lemma 29, the right-hand side of the above inequality is a convex
piecewise-linear function of tb′ , b
′ ∈ B \ {b} with only finitely many slopes.
Thus ϕ(H0(X,L)) is a convex polyhedron.
Let Ξ := maxb∈B {Θb(x)} and let Λ˜ ⊂ Rn be the lattice q
−1
R
((Z2)∗), which
is an overlattice of Λ. We can check that Ξ satisfies the quasi-periodicity
Ξ(x + η) = Ξ(x) +QR(η, x) + βL(η), η ∈ Λ˜, x ∈ R
n
and we get that the set of slopes of Ξ is exactly (Zn)∗. Thus the image
ϕ(H0(X,L)) contains the origin (0, . . . , 0). Moreover, the image ϕ(H0(X,L))
contains l points (ε, 0, . . . , 0), . . . , (0, . . . , 0, ε) for a sufficient small positive num-
ber ε, for example,
ε = min
b∈B
{
min
x∈Rn
{
max
b′∈B\{b}
{Θb′(x)} −Θb(x)
}}
.
The convexity of ϕ(H0(X,L)) tells us that ϕ(H0(X,L)) includes an l-simplex.
Therefore the image ϕ(H0(X,L)) is an l-dimensional convex polyhedron.
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Remark 31. The convexity of ϕ(H0(X,L)) is clear by Proposition 27 and the
fact that the set (1) is convex.
Remark 32. Mikhalkin-Zharkov [13, Remark 5.5] states (without proof) that
the dimension of H0(X,L) is given by the degree of the polarization. A novel
observation in this paper is that H0(X,L) is a convex polyhedron.
3.5 The space of theta function: positive semidefinite case
Next, we consider a line bundle L on a tropical torus X = Rn/Λ whose image
Q = c1(L) is positive semidefinite. Then Ker(qR) is not necessarily 0 and it is
both Λ-rational and Z-rational because of the symmetry of Q ∈ Λ∗ ⊗ (Zn)∗.
Remember the quasi-periodicity
Θ(x+ λ) = Θ(x) +QR(λ, x) +
1
2
QR(λ, λ) + αL(λ).
First, we suppose αL ∈ Im(qR) + (Zn)∗. Then we can describe αL = qR(c) + γ
for some c ∈ Rn and γ ∈ (Zn)∗. Since L = L(Q,αL) ∼= L(Q, qR(c)), we can
assume that αL ∈ Im(qR).
By the quasi-periodicity of theta functions of L, theta functions are Ker(q)-
periodic since αL ∈ Im(qR). Theta functions are convex and periodic in the
direction Ker(qR), thus they are constant along Ker(qR), that is,
Θ(x+ λ′′) = Θ(x) for all λ′′ ∈ Ker(qR), x ∈ R
n.
Thus theta functions descends to functions on Rn/Ker(qR).
The space Rn/Ker(qR) contains the two natural lattices Z
n/(Ker(qR) ∩ Zn)
and Λ/Ker(q) induced by the two lattices of Rn.
Under the identification
(Rn/Ker(qR))
∗
= {a ∈ HomR(R
n,R) | a(Ker(qR)) = 0}
(Zn/(Ker(qR) ∩ Z
n))
∗
= {a ∈ HomZ(Z
n,Z) | a(Ker(qR) ∩ Z
n) = 0} ,
we have
(Rn/Ker(qR))
∗
= Im(qR)
(Zn/(Ker(qR) ∩ Z
n))∗ = Im(qR) ∩ (Z
n)∗ ⊃ Im(q)
by the symmetry of Q.
By the above arguments, the tropical module H0(X,L) of regular sections
of L is identified with the setΘ: Rn/Ker(qR)→ R
∣∣∣∣∣∣∣
Θ(x+ λ) = Θ(x) +QR(λ, x) + βL(λ)
for all λ ∈ Λ/Ker(q), x ∈ Rn/Ker(qR).
Θ is a (Zn/(Ker(qR) ∩ Z
n))
∗
-regular function.
 ∪ {−∞}.
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Here QR ∈ (Rn/Ker(qR))∗ ⊗ (Rn/Ker(qR))∗ is the symmetric form induced by
Q, βL =
1
2QR(λ, λ)+αL(λ) and a (Z
n/(Ker(qR) ∩ Zn))
∗
-regular function means
a regular function whose slopes lie in (Zn/(Ker(qR) ∩ Zn))
∗.
In this situation, we can apply the result of the positive definite case. Let
q : Λ/Ker(qR)∩Λ→ Im(qR)∩ (Z
n)∗ be the linear map given by q. Then we can
see that H0(X,L) is generated by l := |Cok(q)| = |the torsion part of Cok(q)|
elements and that H0(X,L) is naturally embedded into Tl. Moreover,H0(X,L)
has the structure of a pure l dimensional polyhedron in Tl, and its projectiviza-
tion is a compact polyhedron.
Next, we suppose that αL /∈ Im(qR)+(Zn)∗. If αL is integral on Ker(qR)∩Zn,
that is, αL(Ker(qR) ∩ Zn) ⊂ (Zn)∗, we can assume that αL(Ker(qR) ∩ Zn) = 0
by translating αL by an element of (Z
n)∗. Then we can consider αL as a linear
map from Rn/Ker(qR) to R, that is, αL ∈ Im(qR). This is a contradiction.
Therefore, αL is not integral even on Ker(qR) ∩ Zn.
By the quasi-periodicity, theta functions must satisfy
Θ(x+ λ′′) = Θ(x) + αL(λ
′′) for all λ′′ ∈ Ker(qR) ∩ Λ, x ∈ R
n.
Thus theta functions are affine linear on Ker(qR) with slope αL. Since αL is not
integral on Ker(qR)∩Zn, theta functions can not be regular. Thus H0(X,L) =
{−∞}.
Consequently we get the following theorem.
Theorem 33. Let X be a tropical torus and L = L(Q,αL) be a tropical line
bundle on X such that Q = c1(L) is positive semidefinite.
(1) If αL lies in Im(qR)+(Z
n)∗, thenH0(X,L) is generated by l = |the torsion part of Cok(q)|
elements as the T-module and H0(X,L) is naturally embedded into Tl.
Moreover, H0(X,L) is identified with an l-dimensional convex polyhedron
in Tl via the natural embedding. and its projectivization is identified with
a compact polyhedron in Rn.
(2) If αL is not in Im(qR) + (Z
n)∗, then H0(X,L) = {−∞}.
3.6 The rank of divisor
In this section, we show that h0(X,D) introduced in Cartwright [5] is equal to
the dimension of H0(X,O(D)) as a polyhedron.
Definition 34. Let X be a tropical manifold. A divisor D on X is effective if
the divisor D is given by a global regular section of O(D). For a divisor D on
X , we denote the set of effective divisor linearly equivalent to D by |D|.
Definition 35 (Cartwright [5], Definition 3.1). Let X be a tropical manifold
and D be a divisor on X . We define h0(X,D) as
h0(X,D) := min
{
k ∈ Z≥0
∣∣∣∣∣ there exist k points p1, . . . , pk, such thatthere is no divisor E ∈ |D| which passes all pi
}
.
If there is no such k, then we define h0(X,D) as ∞.
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Remark 36. If |D| = ∅, then h0(X,D) = 0 holds trivially.
Remark 37. For a tropical curve C, we can check that h0(C,D) = r(D) + 1.
Let X = Rn/Λ be a topical torus and let D be a divisor on X . Then we
get the line bundle O(D) on X , the Chern class Q := c1(O(D)) and the linear
function α : Rn → R associated to O(D). Let q : Λ → (Zn)∗ be the linear map
given by Q and let B = {b1, . . . , bl} ⊂ (Zn)∗ be a complete set of representatives
of the torsion part of (Zn)∗/q(Λ). We take {Θb}b∈B, a basis of H
0(X,O(D))
defined in section 3.3. For the case of l = 0 or 1, it is clear that h0(X,D) = l.
Assume that l ≥ 2. We see that h0(X,D) ≥ l. We take l − 1-points
p1, . . . , pl−1 ∈ X and choose q1, . . . , ql−1 ∈ Rn such that pi = qi + Λ. Then we
have a Vandermonde determinant
VD(x; q1, . . . , ql−1) := dettrop

Θb1(x) Θb2(x) · · · Θbl(x)
Θb1(q1) Θb2(q1) · · · Θbl(q1)
...
...
. . .
...
Θb1(ql−1) Θb2(ql−1) · · · Θbl(ql−1)

= max
σ∈Sl
{
Θbσ(1)(x) +
l∑
i=2
Θbσ(i)(qi−1)
}
,
where dettrop means the determinant in the sense of tropical algebra and Sl
is the symmetric group of {1, . . . , l}. This is identified with a regular section
of O(D). We can see that the divisor on X given by VD(x; q1, . . . , ql−1) is
linearly equivalent to D and passes the l − 1 points p1, . . . , pl−1. Thus we get
h0(C,D) ≥ l.
Theorem 38. h0(X,D) = l. Thus h0(X,D) coincides with the dimension of
H0(X,O(D)) as a convex polyhedron.
Proof. Suppose h0(X,D) ≥ l+1. Then for any l points p1, . . . , pl, we can take a
theta function Θ := maxb∈B{Θb(x)+ tb} which is non-linear at a representative
qk of pk for all k = 1, . . . , l. We set H :=
⋃
b∈B supp(divΘb) ⊂ R
n. We can
assume that q1, . . . , ql are not in H .
Now we define a multigraph whose vertex set is B. For each k = 1, . . . , l,
we can choose two distinct elements bik , bjk ∈ B such that Θbik (qk) + tbik =
Θbjk (qk) + tbjk since Θ is singular at qk. We connect bik and bjk by an edge
for each k = 1, . . . , l. Then we have a multigraph Γ with l vertices and l edges.
Such a Γ necessarily has a cycle.
Let b1, . . . , bk make a cycle. We can assume that bi 6= bj for i 6= j. Then we
get
Θb1(qi1) + tb1 = Θb2(qi1) + tb2
Θb2(qi2) + tb2 = Θb3(qi2) + tb3
...
Θbk−1(qik−1) + tbk−1 = Θbk(qik−1) + tbk
Θbk(qik) + tbk = Θb1(qik) + tb1
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for some qi1 , . . . qik . By combining these equations, we get
(Θb1(qi1 )−Θb2(qi1))+· · ·+
(
Θbk−1(qik−1 )−Θbk(qik−1)
)
+(Θbk(qik)−Θb1(qik)) = 0.
More generally, we define the functions li1,...,ik for k > 1 and a subset {i1, . . . , ik} ⊂
{1, . . . , l} as follows:
li1,...,ik(x1, . . . xk) :=
k∑
j=1
(
Θbij (xj)−Θbij+1 (xj)
)
,
where ik+1 := i1. These functions are rational functions on (R
n)k. To summa-
rize the above arguments, we obtain the following lemma.
Lemma 39. Suppose h0(X,D) ≥ l+1. Then for any l points q1 . . . , ql ∈ Rn\H ,
there exist an ordered sequence {i1, . . . , ik} of {1, . . . , l} and {qj1 , . . . , qjk} ⊂
{q1 . . . , ql} such that li1,...,ik(qj1 , . . . qjk) = 0.
We define subsets H1, Hk ⊂ (Rn)l , k = 2, . . . , l as below.
H1 :=
{
(x1, . . . , xl) ∈ (R
n)l
∣∣xi ∈ H for some i} .
Hk :=
(x1, . . . , xl) ∈ (Rn)l
∣∣∣∣∣∣∣
There exist an ordered sequence {i1, . . . , ik} of {1, . . . , l}
and a subset {xj1 , . . . , xjk} ⊂ {x1, . . . , xl},
such that li1,...,ik(xj1 , . . . xjk ) = 0
 .
It is clear that the dimension of H1 is ln − 1. The dimension of Hk, k =
1, . . . , l is also ln − 1 since functions li1,...,ik are rational functions on (R
n)l
with non-zero slopes. Thus Rln \ ∪lk=1Hk is not empty and we can take l
points q1, . . . , ql with (q1, . . . , ql) ∈ (Rn)l \ ∪lk=1Hk. By definition, for any
subset {qj1 , . . . qjk} of these l points and any ordered sequence {i1, . . . , ik} of
{1, . . . , l}, li1,...,ik(qj1 , . . . qjk) 6= 0. This contradicts Lemma 39. Thus we get
h0(X,D) < l + 1.
Now we have a question of when h0(X,D) coincides with the dimension of
H0(X,O(D)).
Question 40. Let X be a compact tropical variety and D be a divisor on
X . Suppose that H0(X,O(D)) is finitely generated and fix a minimal ba-
sis {m1, . . . ,ml}. Let ϕ : H0(X,O(D)) → Rl be a function with ϕ(m) =
(ϕ1(m), . . . , ϕl(m)), ϕk(m) = minx∈X{m(x)−mk(x)}. Then if ϕ(H0(X,O(D)))
is pure-dimensional, does h0(X,D) coincide with l?
4 Riemann-Roch inequality for tropical abelian
varieties
4.1 Intersection number of divisors on a 2-dimensional
tropical torus
In this section, we consider the self-intersection number of divisors on a 2-
dimensional tropical abelian variety. Then we define briefly the intersection
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number of two divisors on a 2-dimensional tropical torus.
Let C1 and C2 be two balanced weighted graphs in R
2. Define S := C1∩C2.
By translating C2 by a vector v ∈ R2, we can assume that C1 and C2 intersect
transversally and any intersection point is not a vertex. Then for every p ∈ S,
there exist an edge E1 of C1 and an edge E2 of C2 such that {p} = E1 ∩ E2.
Let wi be the weight of Ei and vi be a primitive vector parallel to Ei. Now we
define the intersection multiplicity at p as mult(p) := w1w2 |det(v1, v2)| and the
intersection number |C1.C2| of C1 and C2 as |C1.C2| :=
∑
p∈S mult(p) if S is
finite.
Let X be a 2-dimensional tropical torus and D1, D2 be two divisors of X .
Since X is locally looks like R2, the intersection number of D1 and D2 can
be defined in the same way as above. For the details, we refer the reader to
Allermann-Rau [1] and Mikhalkin [12].
4.2 Self-intersection number of divisors
For a symmetric form Q ∈ Λ∗ ⊗ (Z2)∗, we define detQ as the determinant of
the matrix representation of Q with respect to a basis of (Z2)∗ and a basis of
Λ∗ which define the same orientation of (R2)∗.
Theorem 41. For any divisor D on a tropical abelian surface X = R2/Λ, the
self-intersection number of D is equal to 2 det c1(O(D)).
Proof. First, we assume that the Q is positive definite and principal. In this
situation, a theta function of O(D) is of the form;
max
λ∈Λ
{
QR(λ, x) −
1
2
QR(λ− c, λ− c)
}
.
Let
Q =
(
p q
q r
)
be the matrix representation of Q associated to the standard basis. Consider
the family of positive definite symmetric forms
Qt := tQ+ (1− t)E2 =
(
tp+ 1− t tq
tq tr + 1− t
)
and consider the family of lattices Λt := Q
−1
t · Z
2 for t ∈ [0, 1]. Here E2 is the
identity matrix of size 2. Now we define the family of theta functions
Θt := max
λ∈Λt
{
Qt(λ, x) −
1
2
Qt(λ− c, λ− c)
}
.
and consider the map f : [0, 1]→ Z, t 7→ [Θt]2. We can see that f is continuous
and thus constant.
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For Q = E2, the associated tropical torus is R
2/Z2 a theta function is of the
form:
max
a∈Z2
{
a · x−
1
2
(a− c)2
}
. (2)
Its divisor is the parallel translation of (Z × R) ∪ (R × Z) whose weights
are all 1. Thus the self-intersection number is 2. On the other hand, we have
detQ = 1.
Figure 5: Calculating the self-intersection number of the divisor given by (2)
Next, we consider the case where Q is positive definite but not necessary
principal. Let Ξ be the section of O(D) satisfying ϕ(Ξ) = 0 and let Λ˜ ⊂ Λ⊗ R
be the lattice q−1
R
((Z2)∗), which is an overlattice of Λ. Then Ξ satisfies the
quasi-periodicity
Ξ(x + η) = Ξ(x) +QR(η, x) +
1
2
QR(η, η) +QR(η, c), η ∈ Λ˜, x ∈ R
n
and thus the divisor [Ξ] is Λ˜-periodic, while [Θb] is Λ-periodic. Since the self-
intersection number of [Ξ] on R2/Λ˜ is 2, the self-intersection number of [Θb] on
R
2/Λ is 2 · |Λ˜/Λ| = 2detQ.
Finally, we assume that Q is not positive definite. Let L1 be an ample line
bundle on X which makes L2 := O(D) ⊗ L1 ample. Let Qi be c1(Li) and let
Di be a divisor defined by a global section of Li.
By the equation det(Q2 +Q1) + det(Q2 −Q1) = 2(detQ1 +detQ2), we get
D2 = (D2 −D1)
2 = 2D21 + 2D
2
2 − (D1 +D2)
2
= 4detQ1 + 4detQ2 − 2 det(Q1 +Q2)
= 2 det(Q2 −Q1) = 2 detQ.
Corollary 42. Let X be a tropical abelian surface and D be a divisor of X and
define h0(D) as the topological dimension ofH0(X,L). Then the Riemann-Roch
inequality
h0(D) + h0(−D) ≥
1
2
D2.
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holds. More precisely, when we write O(D) = L(Q,α) and Q = c1(O(D)),
(1) If Q is positive or negative definite,
h0(D) + h0(−D) =
1
2
D2 = detQ.
(2) If Q is positive or negative semidefinite,
– If α lies in Im qR + (Z
2)∗,
|the torsion part of Cok(q)| = h0(D) + h0(−D) ≥
1
2
D2 = 0,
where q : Λ → (Zn)∗ is the linear map given by Q = c1(O(D)) and
qR : R
n → (Rn)∗ is the extension of q.
– If α does not lie in Im qR + (Z
2)∗,
h0(D) + h0(−D) =
1
2
D2 = 0.
(3) If Q has both positive and negative eigenvalues,
0 = h0(D) + h0(−D) ≥
1
2
D2 = detQ.
Remark 43. If the Riemann-Roch equality holds, h1(D) satisfies the following:
(1) If Q is positive or negative definite,
h1(D) = 0.
(2) If Q is positive or negative semidefinite,
– If α lies in Im qR + (Z
2)∗,
h1(D) = |the torsion part of Cok(q)| ,
where q : Λ → (Zn)∗ is the linear map given by Q = c1(O(D)) and
qR : R
n → (Rn)∗ is the extension of q.
– If α does not lie in Im qR + (Z
2)∗,
h1(D) = 0.
(3) If Q has both positive and negative eigenvalues,
h1(D) = − detQ = |Cok(q)|.
Remark 44. These consequences are compatible with the classical case.
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4.3 Appendix
If a tropical analogue of Hirzebruch-Riemann-Roch theorem holds for n dimen-
sional tropical abelian varieties, then we would have χ(X,O(D)) = 1
n!D
n. We
show that the right-hand side is an integer.
Proposition 45. Let X = Rn/Λ be a tropical abelian variety and D be a
divisor on X. Then 1
n!D
n ∈ Z.
The self-intersection number Dn is defined by the intersection theory of
tropical cycles. We refer the reader to Allermann-Rau [1] for the details.
Proof. Let D be a divisor on Rn/Zn such that Chern class is the identity En.
Then the divisor D is a parallel translate of
⋃n
i=1{(x1, . . . , xn) ∈ R
n|xi ∈ Z}
with weight 1. To calculate the self intersection number Dn, we consider the
intersection number (D + εe1).(D + εe1). . . . .(D + εen), where e1, . . . , en ∈ Zn
is the standard basis and ε. Then we can see that a intersection points of
(D + εe1), . . . , (D + εen−1), and (D + εen) corresponds to a permutation of
numbers {1, . . . , n}. The intersection number of the point is 1. Thus we get
Dn = n!.
For a divisor D such that c1(O(D)) is positive definite, we get
1
n!D
n =
det c1(O(D)) as in the proof of Theorem 41.
Next, we show the statement for a divisor D which is not necessary positive
definite. Let L be the abelian group
(Λ∗ ⊗ (Zn)∗ ∩ (symmetric bilinear forms on Rn))× (Rn)∗
and LR be the linear space
((Λ∗ ⊗ (Zn)∗ ∩ (symmetric bilinear forms on Rn))⊗ R)× (Rn)∗.
An element (Q,α) of L gives rise to a line bundle L(Q,α).
Since X is a tropical abelian variety, a line bundle L(Q,α) on X has a ratio-
nal section. We define a n-linear form η on Ln to be η((Q1, α1), . . . , (Qn, αn)) =
1
n!(D1. . . . .Dn). Here Di is a divisor on X given by a rational section of
L(Qi, αi). This η is well-defined because the intersection number depends only
on the linear equivalence class of divisors. Let ηR : L
n
R
→ R be the natural
extension of η. Then ηR((Q,α), . . . , (Q,α)) = detQ when Q is positive definite.
That is, ηR((Q,α), . . . , (Q,α)) and detQ coincide on an open cone in LR.
Since both of them are polynomials of degree n, they must coincide on the whole
space LR. Therefore
1
n!D
n = det c1(O(D)) ∈ Z for all divisor D on X .
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